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Mathematics
of Gambling

Edward O. Thorp
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;[_1] E B | ast time
'IEI W =1 |5 we brief-
Euzl = — | |ly discussed
|*~ __ payoff odds

| for simulated horse racing on a
| cruise ship. This month, as promis-
| ed] I'll illustrate how the payoff
| odds are calculated in these races.
| To start, suppose $1 is bet on the

first horse, 32 on the second horse,

| $3 on the third, through $6 on the

! sixth horse. The pool has 81 + $2
.. $6 = 321. Assume thereis

5 returned to the players
whoiet on the winning horse.

If the first horse wins, the $1 bet
| gets $21. The payoff is 21 for 1,
| also known as 20 to 1 (“odds for
one” are always one more than
“odds to one”). The payoffs for
each 31 bet are for horses 2, 3, 4, 5
and 6, respectively; twenty-one dol-
lars for 32, 821 for 33, 321 for 34,
$21 for %5 and 521 for $6.
(Throughout this article I will omit
the § signs.) If instead there was a
“track take” and the operators de-
cided to keep $6, the payoffs on
horses 1 to 6 would be: 15 for 1; 15

adtake. This means all the

| for 2; 15 for 3; 15 for 4; 15 for 5 and |
| 15 for 6, respectively. Note that T |
i could have written 5 for 1 instead |
| of 15 for 3, 7 for 2 instead of 21 for |

| 6, etc. Instead, I wanted to pre-

serve the pattern of the numbers to |

make them easier to follow.
A System
In the game, the track take was
20% or more. If there were no track

| take, we'd have the following win- |

ning system: Simply bet equal
amounts on each of the six horses.
You will have an advantage, a posi-
tive mathematical expectation.

Suppose you bet §1 on each of |

the six horses. The amount bet on
| each horse is increased by $1 and
the pool is increased by $6. The
payoffs on the horses become 27
for 2: 27 for 3; 27 for 4; 27 for b; 27
| for 6; and 27 for 7, respectively.

| Your 81 bet will win $13.50, 3$9.00, |
i

$6.75, $5.40, $4.50 and $3.86, re-
spectively. Your total bet is $6, but
you will receive only one of these
payoffs.

If one of the first three horses

wins, you will be ahead. If one of |

the last three horses wins, you will
be behind.

More precisely, to determine the
expected amount of money M re-
turned to you, on average, multiply

each payoff by the probability it |
oceurs. Assuming the dice are fair, |

each horse has an equal chance.
The probability is 1/6 for each out-

Bet equal amounts; do
not assume knowledge
of the payoffs.

come. The amount of money M is
M = $13.50 x (1/6) + 29.00 x (1/6)
+ ...+ %3.86 x (1/6) = 37.17.
Your total bet B was 36. For
each dollar bet, your expected
payback is G/B = $1.195. Your ex-
pected profit per dollar bet is
$0.195 which means you have a
19.5% expected gain per unit bet.

This is what is usually meant by

the player edge or house edge, as
the case may be.

Suppose you object. Say that
you would rather bet 31 on horse
one only since it pays the most.
Then the pool has $22; there is a $2
bet on horse number 1 and it pays
14 for 1. The expected payback on
$1.is 811 x (1/6) + S0 x (5/6) = 11/6
= $1.83. The profit per $1 is $0.83
for an 83% advantage.

Your point would be well taken, |

but it doesn’'t work. Since you
don't know the payoffs, you don’t
know which horse to bet.

Does my method have the same
flaw? No. I bet equal amounts on

each horse. 1 don't assume’ any |
knowledge of the payoffs. The i
amazing thing is that this method |

will give you an edge providing: (1)
the true winning chances are equal
for each horse; and (2) all money in
the pool is returned to the players
(no track take). In the rare event
that the same amount is bet on
éach horse, you will simply get
your money back. Neither condi-
tion (1) nor condition (2) is satisfied
at a real race track.

Why does the method work,
when conditions (1) and (2) hold?
I'll indicate the proof.

Asgsume there are n horses. The
amounts bet on horses 1, 2...n
respectively are A(1), A(Z)... Ain).
Call the total in the pool A = A(l)
+ Af2) + ...+ Aln). The amount
returned per dollar bet, in case the
winner is horse 1, 2...n, respec-
tively, is AJA(1), ATA(2) ... AlAin).

The probability iz 1/n for each
of these returns; the expected pay-
off for a $1 bet on each of the n
horses is (A/A(1) + AJA(2) + ... +
AlA) x (1m) = (/A1) + ...+
1/A(n)) x A/n. We have an edge if |
this exceeds the total amount |
bet—Sn.

My system works if we can prove
for arbitrary non-negative num-
bers that (L/A(1) + ...+ 1/An)) x |
Aln is greater than n (except when
All) = A(2) =...= A(n)).

What if there is a track take? Let

K be the fraction of the pool which
is returned to the bettors. For
simplicity of illustration, this frac-
tion is the same no matter which
horse wins. (In practice that isn't
necessarily true.)

If the track take is 20%, for ex- |
ample, then K = 0.8. If there is no
track take, then K = 1. Then the
formula for your advantage (or dis- |
advantage) E with my system is: E
= (JA(l) + ...+ 1/A(n)) x KAlin |
xn) — 1, !

Let's illustrate the use of this |
formula with our original example.
We had A(l) = 82, Al2) = 83... |
Al6) = 87, A = 327, n = 6 horses,

continued an page 72
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and K = 1 (no track take). Then E
= (/2 + 1/3 4‘;...4— 1/7) x 27/36
— 1 = 19.5% which agrees with
our previous calculation.

Now we ask, “What track take
would still allow us to break even
in this example?” That's the same
as setting the formula for E equal
to zero and solving for K. The
result is K = 1/1.19464 = 0.8371
and 1-K = 16.29%, the amount of
the track take which causes us to
have zero advantage in this par-
ticular betting pool.

If you studied the formula for E,
you'd find a pattern. For a given
total pool A, the more the bets are
unequally distributed among the
various horses, the bigger your ad-
vantage tends to be. Then you can
overcome the larger track take.

What happened in the actual
“Love Boat" horse races? On the
first race that 1 recorded, the
returns per dollar bet were 3, 3, 3,
3, 4 and 10, respectively. I bet §1
on each horse and learned, when
these payoffs were announced, that
my expected payback was (3 + ...
+ 1036 = 26/36. That's an ex-
pected loss of —10/36 = —28%.
The track take must be huge.

To see how big the track take
must be, we use the fact that E is
less negative than K—1, using my
formula for E. Therefore, —28% is
less negative than K—1 from
which the track take is greater
than 28%.

In the second race, which I did
not bet on, the paybacks per dollar
bet were 4, 5. 3, 3, 4, and 5, respec-
tively. Add these to 324 and the
track take is more than 33%.

The last race returned on each $2
bet 10, 6, 5, 5, 7 and 10, respective-
ly. The expected payback per dol-
lar bet was 43/72 for a track take of
over 40%.

This analysis is probably not ex-
act, because the actual procedure
for setting the odds probably dif-
fers somewhat from my assump-
tions. To see why, consider our ex-
ample in which the bets were 2, 3,

T2 GAMBLING TIMES

..« 1, respectively, for a total of
$27.

Suppose the operators took 36 or
22% -from the pool. Then the re-
spective paybacks would be 21/2,
21/3, ..., 2177, respectively, or
$10.50. £7.00, $5.25, $4.20, %3.50,
and $3.00. To avoid making
change, the operators replace these
payoffs by whole dollar amounts.
Assume they round down, to make
an extra profit (“breakage”).

Then the new returns are 10, 7, 5,
4, 3 and 3. These final payoffs don't
correspond precisely to any one fix-
ed track take, because of the ir-
regular way in which the breakage
can vary from horse to horse.

Next month we’ll push this idea
further. You'll learn how to cut
vour disadvantages at jai-alai and
at the horse races.

Dealer's Signature Idea:
Another Test of
Its Validity

In response to my roulette com-
ments in the September column,
reader Allan Wilson wrote in
reference to the random number 1
deseribed. 1 imply that the
number, which is passing when the
dealer launches the ball, has no par-
ticular relation to the number
which came up on the previous
spin.

Here's the more precise discus-
sion. Imagine the ball resting in a
pocket after a spin. The dealer
picks up the ball, pushes the rotor,
and launches the ball for the next
spin. How many revolutions does
the pocket travel beyond the point
where the ball is launched for the
next spin? This is the pocket in
which the ball was last located. The
number of revolutions, (called N
below), is the important quantity
that I call random.

Mathematicians generally use
random to mean uncertain. In this
sense the number is random. Each
random guantity is generally not
satisfactorily described unless we
know how its values are distrib-
uted. The number of revolutions N
in question might, for example, be

random in that all roulette
numbers are equally likely (1/38
probability). That's obviously not
true and not what I had in mind.

The number of revolutions N
might be fairly well described by 2
bell shaped curve (the normal prob-
ability distribution). If the spread.
(standard deviation), in this curve
is 17 pockets, the dealer-signature-
system can't gain a player advan-
tage, as I discussed previously.
That is what I had in mind.

Wilson has a further perceptive
observation. He points out a state-
ment made by Kimmel: “The deal-
er picks up the ball from the
previous spin, pushes the wheel
just enough to keep it going. and
spins the ball around the rim in one
smooth, continuous motion.”

Wilson states that Kimmel im-
plies that the total action is a
regular habitual activity; N will
therefore tend to be fairly similar
from spin to spin. It won't have as
much spread in its values; and one
of my objections to the Kimmel
system is diminished.

I agree with Wilson. One prob-
lem with Kimmel's statement is
that the dealer frequently does not
conduct just this series of actions.
Sometimes he picks up the ball and
is diverted briefly which adds a
large random increment to N.
Sometimes he does give the wheel a
push and sometimes he doesn’t.

I've watched dozens of roulette
dealers, and I recall that frequently
this “‘regular series of action™ has
an irregularity that alters the value
of N considerably.

Here are some counter argu-
ments to these objections about N:
{1) Find dealers where N is general-
ly regular, or (2) find a game where
vou can bet after the ball is s :
then use the number neares
ball launch point, not
number that came up. Thisiss
approach makes the \nlueurl"N im-
material.

This analysis leads us to a direct
experimental test which is quick
and easy. It will tell us if the
dealer's signature method works
for any given dealer. £~

Kimmel's dealer’s signature
method I (DSMI). Each time the
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ball is spun, count the number of
relative revolutions that the rotor
makes with respect to the ball
Start from the instant the ball is
picked up from the rotor.

Do this as follows: Imagine that
the ball, when it came to rest after
the last spin, left a paint spot in the
pocket where it rested. When the
ball is picked up, this paint spot
rotates away. The next time it
passes the ball count one revolu-
tion, whether the ball is in the
dealer's hand or has already been
launched.

Continue to count revolutions
each time the paint spot and the
ball pass each other. When the ball
stops, note what pocket and ex-
press the final result as a whole
number of revolutions plus the
number of pockets. If the ball and
paint spot travel W whole revolu-
tions plus p additional pockets,
then the total number of revolu-
tions K, (for Kimmel), traveled is K
= W + p/38 (relative) revolutions.

Let K,, K, .. ., K, be the values
you record for K on the first spin,
second spin, . . ., nth spin. Let K =

(K; + K; + ... + KJ/n be the
average of these values. Write K =
W + p/38 where W is the whole
number part of K. Then solve for p.

The result is the estimated
average number of pockets. To bet,
take the last pocket to come-up and
move forward p pockets to predict
the next number.

Will it give you an edge? It will if
the spread of K around p is small
enough. How small? Less than 17
pockets if K is normally
distributed. How do we find the
size of the spread? Calculate the
square root of [(K, — K2 + ... +
(K, — K)?)in—1) and call the result
“§" (spread).

This is the estimate of the spread
from the data. The key to the ex-
perimental test of the Kimmel
method is to find a dealer, if you
can, where S is small enough. (I in-
wvite you to send data to me. Il
report the results in this column.)

Technical note: If the actual
distribution of K wvalues differ
somewhat from a normal distribu-
tion, then the eritical value of S, re-
quired for a player advantage, will

also vary slightly. For some types
of K distribution, a true S of, =say
19 or 20, or a somewhat larger
data-based S, might be consistent
with a player advantage. For other
tvpes of K distribution, a true
value for S of 14, 15 or 2 somewhat
smaller data-based S, might not
give a player advantage.

If S turns out to be between, say,
13 and 21 for n=200, we probably
don’'t have a clear cut decision
unless we investigate in further
detail. If S is less than 13, [ think
the Kimmel system will almost
surely work. If S is greater than 21,
I think the Kimmel system won't
work.

I expect S to be considerably
greater than 21, but I won't feel
that I'm right until I've checked it
with data on K. After several deal-
ers are tested, we'll have an idea of
how S varies from one dealer to
another. We will have an idea of
whether we're likely to find any
good dealers, and if so how
frequently.

A variation on DSM Iis DSM I1.

continued on page 37
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Here we imagine that just as the |
dealer launches the ball, a paint |
spot appears on the pocket that is

closest to the launch point. This
pocket and paint spot play the
DSM I roles. Instead of counting
from the last winning number, we
are counting from the pocket
closest to the launch point of the
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| ed. This uncertainty itself in- @
troduces an error. Second, you |
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