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Source of wariation m:aun* sgueres d.f. Mean squares F-ratioa
Quadratic regressaion 112 987.13 1 G1T7#uR
Additional for linear tarm 1 104.75 1 5.06%
Mdditional for conetant term 6,40 1 0.03
Lack of Fit 4 059.52 16 253.75
Within groups B 784,80 3 218.22

h_x_xm_ = 0.1333 =2

-0.083 + 1.
pNxMMDMU_ m =0.0632 2 1.2390 =

o m 0.0901 2 + 1.2390 =

SUMMARY

Multiple linear rogeesaion functiona cen be fitted by means of
prthogonal polynomiala. This method allows to include succesalvaly
additional predictor wariables in a prespecified order witheut the
necessity of recomputing the regrossion coefficiants of all praviowaly
included predictors. The arthogonal terme and the sums of sguaras for
the enalyais of veriance can sasily be computed From doterminants
congtructed from the sums of squarss and products of the observationa.

RESUME

L'adaptation des Tonctions da umnummmhn: multiple et lindaire pout

Atre rénlisde & l'aide de polynomes orthogonaux. La mdthode parmet
d'inclure les wvariables explicatives successivemant et de faire des
teate de signification pour chague variable gupplémentaire. Les fonc-
tions orthogonalas de régression et les sommes des carras de 1'analyss
do variance pauvent &tre calculdes b l'aide de ditecminants composés

dea sommes des carrés et produits des obsarvations.
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EXTENSIONS OF THE BELACK-SCHGLES
OPTION MODELS

EDWARD THOEP

fathematics Department-University of California
Irvine, California
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It has simple hypotheses, provides a valuation formula using only
observables, and explaing actual prices, We solve the correspond-
ing problem for the two types of warrant hedges. Black and Scholes
assume no cash dividends, For ocne cash dividend we give the caondi-
tion for the soluticn to be unchanged. When the dividend affects the

solution, we give upper and lower bounds., The method extends to

a finite seriea of cash dividends.

1. Intreduction, An option on commen stock {ordinary shares)
is the right to buy (a call) or to sell {a put) a specified number of
shaTes {usually 100] at a specified price (striking price) uatil a
specified time (expiration date). A Burcpean option may be exer-
cised only at expiration. An American option may be exercised at

any time before expiration.

The common stock purchase warrant is an aption similar to

the call aption, Warrants are issued by the company who possesses
the stock the warrants claim., Terms typically are of the form A
warrants # B dollars obtain C shares of stock until time .

Let =x(t} be the stock price at time ¢, ¢ the exercise price
of the option, t* the expiration time of the option, wit) the price
of a call on one share and pit) the price of 2 put on one share. If
¥+ = maxiy, 0) and ¥ = max{-y, 0}, itis evident that for American
options and t = t¥, wit) = __u.n__ﬂ.-..,...d+. pit] = (xit1-2} , and that
with-plt)=x(tl-c., Many other functional relationships are alaa avi-

dent or strongly suggested. The functional dependence of aption

prices on the price of the underlying common has led to formulas

#The rescarch for this paper was supported in part by the Air

Force Office of Scientific Hesearch under Grant AF0SRE-70-18700,
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for the option price as a function fix{t), t¥-f, ... ] of stock price,
tirne t¥-t until expiration, and a few other variables, In parti-
cular, the hope (successful! ) has been to climinate maost or all

af the variables which affect common stock price, by lumping
thern all in ={t) itsell,

The extensive modern mathematical theory of options was
initiated by Bachelier (1900), This landmark paper developed the
theory of Brownian motion and applied it to option prices. It
agauwmed stock price chanpes were normally distributed (modern
atatistical work shows that the lognormal distribution gives a
batter fit) and identified volatility + (i, e,, standard dewiation
per unit time) as a principal determinant of option price, entering
the functional expression in the farm ﬁNHn*-n__.

Subsequent mathematical and statiatical work developed along
several lines. Regression techniques were ueed to construct models
of past price behavior (Kassouf, 1965; Shelton, 1967, and others).
Rational (normative) theories of option prices were developed by,
g, g., Samuelson (1968), Samuclson and Mertan (1969), and others.
The lognormal model for stock prices yielded a natural expression
for the price of an aption in terms of the normal distribution. See,
e, g., Spreakle (1961), Harbaugh (1965}, Thorp (1969), and others.
Hedging technigues (e.g., call options or warranta short, stock
long) as in Thorp and Kassoul {1967), and Thorp (1971} give info-
rmation about the use of oplions in optimizing portiolic performance.

Z. The Black-Schales theary, These efforta have culminated

in a breakthrough by Black and Scholes (1972, 1973). We sketch their
theory for calls. It is similar for puts and for straddles.

Black and Scholes observe that hedging options short and com-
mon stock long and continwously adjusting the mix leads to a riskless
rate of return r. They arpgue that in market equilibriurm this must
equal the riskless rate of return in the market,

They further assume:

[a} The short ferm interest rate r is known and constant.

(6} The distribution of possible stock prices at the end of any finite
interval is lognormal., The stock price follows a random walk in
continuous time with variance proportional to the square of the square

of the stock price. The variance rate of the return on the stock is
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constant.
e} The stock pays ne dividends or other distributions.
[d} The option iz "European'',
[e] There are no transaction costs,
[f) 1t is possible to borrow al rate © any fraction of the price of a
security te buy it or to hald it,
{g) A short seller receives the price of the security from a buyer,
and will settle on some future date by paying the price of the security
on that date,

From this they show that the call price w satisfies the partial
differential aquation
i} ¥ X f:+uunﬁ._+§_w-nﬂ_u_u

subject to the bhoundary conditions

wix, t¥] = x - ¢ if x =c
(2]
wix, t®) = 0 if 0 Z2x <¢
g 2l :
where x =0, t 2t%, v is the variance rate of return an the stock
per unit time [say one year), and r ia the riskless rate of return.

2
Black and Scholes estimate v+ by

n 2
Zy [ - < p} ] -ty = :

o L1l - =i, L bpfxie where t -t =1 year and the
N#J.ru_ are stock prices on successive market days. They use the &

month commercial paper rate for r, Equation (1}-(2} is a version
of the heat transfer eguation of physics and is salved by Black and
Scholes by standard methods to yield;

i) wix, t) = xN(d ) - L Nid, )
r

d, = | Inf=/c) + (r+ve 12) ﬁ*-nL?tﬂ,

e

d_ = rﬂsq.z._._n__ + ?ue,m.._,.mi__ H"*-E_H___fw e

where ln is Hemm and MNi{d) is the cumulative normal density func-
tion.

Formula (3] has the virtue of containing only guantities which
are given auch as < apd t*, available such as t and x, or which

can be estimated from data, such as r f(high accuracy) and

{“fair' accuracy}), The stock enters only through = and v,
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Black and Schol 1572 demonstrate via a statistical study of

more than 5000 opticns, that their maodel descerihes actual option

Prices,

(g) have

he Black-5choles assumptions. Assumpticns

been exarmined carefully. Merton (1973 considers the extensicn of
[al to a stochastic interest rate. The legnormality of steck prices,

with constant variance, as in (bl, has been a central theme 1n the

literature for 70 years (Cootner, [%G4), It will be shown below that

when the stock pa dividends (contrary o assumption fel ), the

value af 2 call option 8 equal to, ar can olten he estimated from, the

for no dividends, See also Mertan 119737,

mgdel val

Until recently, most Anfefican calls had their striking price
reduced for cash dividends. The recently created Chicage Boarvd

Option Exchange [C. B0 E. aew trades optians which do not change

their exercise price for cash dividends, Also, warcrants do not, 1t
has alsa been shown that for calls, put npot for puts, the model price
o = 5 y 1

ig the same for American and lor BEurapean assumption {d) |

aptions: the optimal stralegy 15 to hald a call jon a randem-walk

stock) until expiration,

Aszumplion no transacltions coslts may be nearly true in
practice for certain stock exchange firmes, Assumption () also may
be nearly true in practice. Ewven in partfolios where barrowing is

51 umlimn-

limited or is not allowed (mast muetual funds, pansion fune

ited borrowing may occur in a rtual' way, For instance if the

pertiolio has some commercial paper and wishes Lo buy a lesser value
of stock, it can finance as much as it wishes of the purchase by scll-
ing commercial paper. In terms of maoney, this 1s eguivalent to
buying the stock by borrowing the desired amount al the cammercial
aapesT Tache,

Assumption (g}, which includes tacitly the assumption that
short selling is done, migh be challenpged on the grounds thal mast
marketl participants are cither limited in the amount of short selling
they may do, can do none at all, or choose to do none., The idea of
Uwirtual” short sales answers this. Ceonsider for inatance a large
portfoliz which has T stock. If we s2ll T steck and buy T aplians,

wer have done the eguivalent of adding to the portfolio a package wh




consists of: sell short some T stock, receiving the proceeds, anpd
buy some T options, Thus investors who do no short selling, but
instead switch from stock Lo aplion ar from option 1o stack, can in-

stead be regarded as having added to their original portfolio aption

bedges of the type used Lo derive the model,

4, Extension to warrant hedping, Tharp and Kassoul [19467)

showed that warrant hedging (sell shart appropriate expiring war-
rants, buy cammoen, use strategies lfor determaning and adjusting

the proporiions) led Lo unuscally high rates of return and unusually
low risk (variaoca),

Howewver, assumption {g) is generally not correct for the war-
rapt hedger. When warrants or other securities are sald shart, the
brokerage firm which lent the securities retains the proceeds, The
short-zeller lozes the use of the money, Thues to sell warrants shart

huy stacks, and yel achieve the riskless rate of return r© requires a

hagher warrant shart sale price than for the corresponding call.
Reasoning hike Black and Scheoles (1973, we find that the price
w which the warrant satisfies is:
1 & 2 = et
[y ¥ X ..u..“_._.+u.x.....“_“._rr.wu_u

subject to the boundary comditions

I
{ed

Tlx, 451 = % - ¢ if x

wix, t3} = 0 if D =Ex <,
The solutian is

rlt¥-t) rits-i]

(3 wix, th = & wix, t] = e .;.zaz - oeMid )

4
and W > w as expectad,

The selution may be obtained in the usual way but an easier
rmethald fand the one used) is to guess the solution by (plavsibly)
arguing thal since the short sale procesds are nat available until

t-t] _ :
3 h..",..__y..z_ to equal wix, t),

t = t% we expect the present value e
The solution is then verified by substitution. Remember that in ob.
tnining this solution we have assumed that warrants and calls are the
sarme except for (gl Black and Scholes [1973) point out differences.
In the second kind of warrant hedge the warrant is purchased, the

stock 15 sold shert, and the proceeds of the short sale are again re-

tained by the broker, rather than being uscd to the short seller.
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For this hedge, the warrant price wix t) satisiies

(L) L2 vw, - tws0

SR g e
subject ta the boundary conditions
wi, tfl = w - if x E
H...__x.. L= 0 i 0 #F x F o,
Apgain the plavsible guess yields the mET..._..m.DE. The shart sale
proceads af the stock will not be available until time t% 5o the

rit-t)
.

present value of the procecds are ¢ This suggcsts

/ fb-t= L
(3 _,.m._.x.‘.._ = _rr._f_.__. itk "_un ._.x_.

which is readily verified. Since w is astrictly increasing in x,
W

For a given t consideyr the qu.:_ wix, 1}  and %Wix,t] curves
in the ix,w) plane. The w and & curves definea strip which
contains the w curve. [fthe market were efficient transactions
would occur close to the w curve and generally within this band,
Hedgers would only operate outside the band 2o hedging would never
ocour.  But the option markets are inefficient and hedping docs cocur.

5. fLalls on stocks paying cash dividends, Let f_ be the last
market time that the owner af a stock 15 entitled to & particular divi-

3 =ty be the first subsequent market time that
he is not. Then, ceteris paribus, x01 )= xit,} + D, Let O be the
1

dend D oand let t

endd before the expiration of a call on the stock,  [f we plot
(,wh for 12t on axes shifted rightan amount D, the B-5 opption

price at t will b rmax barix, 1

1 1, =-cl, TFar ﬂ;x.ﬁpu we use the

1

mardel price (3] relative to the right-shifted axes,

if this curve E__.f.::_ intersects w = x-g, sayat (x%, x%.c),
then the aption should be exercised at H_ exactly when H_";d_vu.pﬁ.
In this case, the model price W [x,t] for Lhe option will satisfy

d..._.._ _V..._._U......._”x.__”_..u..._-:..u_.m. n_.. ._H_....._vn. ﬁ_.”_ n.__..u_m.n.nq.h_:__..__.__.ﬂ_.u»..n._n

w = x - ¢, and there is just the one dividend D to consider, then

Wb U= whe t) for all t2 ¢85, The curves (3] are above and asymp-
. r(t-1%) .
totic Lo w = X - e from which it follews that intersection

occurs if and anly 1f rlE-t=) > Inil-Dfel or (&) 1> ":+...-HH..._:-H.?.:...H.

L
L]
|



A sufficient condition [or this is ries-L < D/ {Merton, 1973).
Az an example, consider the O, B QL E, April 50 call option for
T (American Telephone and Telegraph, We have t% = close,

April 30, 1973, _.”_ = ¢lose, February 21, 1973, ._“u".n_. =HESBA5,

c=4%50amd D = 50,70, With r = 7.5%, rcit-t=) = - Q1397 == 01410

so intersection {barely) ocours, If, as was the case later in the vear,

Eowere 8 0%, rit-t®) = - 01490 < - 01410 and intersection would not

r. This happened fer the July 30 €. B. G, E. call options on T.

We have the lower bound wix, t} for w _i(x, tl, An upper bouwnd

IR

is alse readily obtained. Find the n_ which gives egualily in (&), If

wernl ok : A i
..F i d..__”__nku Ll = wix, 11, If : >t o, then intersection does not scour
] : : l .
for an option which expirecs at time to 0t -t . Thus for such an
pption, _H._”. = H Alen fe..h_"......._.,._ and H._“x.. tl = wix, L _._._nl _“._.”_ EQ

L

wia, & qﬁu.ﬁ d.uid_“x. Ll =wix, tl, In the case of the April 30 T eall

. 1
antions, ol 0.6 days and the approximation is very gaod, In any

. : 1 7

cage, H:,,.F_l.u.._ _ wix, b+ npu boh - welx, u.“_._ = 0 uniformly in x =so

..r.d._ﬂx_. t) = wix, £} ueniarmly in x as t increases,

By applying these argumoents recuraively, upper and lower

bounds can be obtained lar L —.
L

apticn in the case of a series of cash dividends whose magnitudes arc

i+ the model price far the

known with certainty, In particular if intersection does not accur far
the last dividend in a serics of equally spaced cash dividends of agual
amounts, it does not occur for earlier ones, Thus in this case

w =w [orall t2:= [tis alsa true in this case that

lappraximalely) intereection will nol accur for dividends arior o the
last unless the dividend rate exceeds v, This is seldom the case.
¢ x r - -

Resume, La theorie des aptions de Black et Scholes a les
hypotheses elegantes. Elle donne une formule pour le prix gu'il faut
seulement les observables, et qui expligque les prix de la bourse.

£t I - 1 .

Mous resoudons le probléme analopue pour les "wareants' paricnt
pous el contre.  Black et Scholes supposent que il n'y a pas des divi-
dendes dlargeat.  Pour un dividend d'argeat nous donnons une solution

plusieurs dividends d'argent,

pacticlle. La méthode s'dtend &
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OH EXCHANGEABLE PRICR INFORMATION
IN  SAMPLIKNG FINITE POPULATICONS

F. THYREGOD
Institute of Mzthematicsl Statisties and Operaticns
Research, The Technical University of Denmpark
C¥ 2800 Lyngbw, Denmark

1. Summary

I the paper we introduce = model for Bayesian analysis of
a finite population. The model is zased on the assumptien
that the values of the population elements may be consid-
cred as exchangeable random variables with density

Wzmw_.“__vuu.vuq.av..xu L um_‘.,.u_....m._Eu_...:_.."ﬂE”_.

1t is sheown that the pestericr density of the population
chavacteristics after sampling is of the same form of the
prier. For densities £{:|w) admitting cns-dimensicnal suf-
ficient statistics the postericr density depends only on
the sufficient statistic for the sample.

nally we give the distribution of the sample and the pos-
terior diztributicon of the population for some well-known

prior distributicns.

2

- The Model

We censider 5 porulation censisting of ¥ elements with un-
4 and assume that a

known chearacteristics ¥p,Yp,-++,¥
nts drawn withoul replacement has yieldsd

sample of n eleme

the waluss LS ERASNT S Thus the s:

forration about the particular population elements which

ple gives complete In-

are included in the sample, and leaves the statisticizn
with the preblem of making inference about the non-saicpled

individuals.




