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We expected that the apparent overpricing of deep out of the money options was in part due to the fat tails of the distribution of the logs of the wealth relatives, which we thought would raise the fair value above the Black-Scholes value.  There also might be a premium required for the high degree of risk associated with shorting very low priced far out of the money options.  This risk wouldn’t arise under the Black-Scholes assumptions, which supposed that a short seller of options who hedged with stock could continuously adjust his hedge.  Our trading experience showed us that such a hedge often could not be adjusted in small steps.  For instance, hedges couldn’t be adjusted overnight when the market was closed and prices could meanwhile move considerably.  Nonetheless, if we could determine whether and how much mispricing existed, we might be able to capture some of it, at least in small size, as part of a much larger portfolio.  Also, some academics  who were also practitioners had already claimed to have developed empirical distributions which gave them more accurate pricing.


The integral model, which accepted any distribution having a finite expectation, could be used to produce new theoretical option values.  So losing the Black-Scholes assumption of log normality didn’t seem to be a problem.


Thus, in 1981 or so, when Dick Kusper expressed an interest in writing a Ph.D. thesis, the study of stock price changes was a natural topic for me to suggest.  Kusper began with the first part of the data set previously described, and a study of variance using moving “windows” of various lengths (powers of 2, in trading days) to predict other windows of varying lengths.  Within windows he used equal weighting.  He settled on a predictor of 64 consecutive trading days, showing it was a good compromise between shorter periods that increased measurement error and longer periods that increased variability in the volatility.

Kusper then used a 64 day window to normalize each daily wealth relative as follows.  For a given day, calculate the stock price average daily drift 
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for the preceding (Note: Kusper’s write up doesn’t explicitly specify “preceding” but that’s my recollection and nothing else makes sense) 64 days as in equation (1) where 
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 is the log of the corresponding daily wealth relative:
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Next, use equation (2) to find the 64 day variance 
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Then use equation (3) to calculate 
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 the normalized log of the wealth relative: 
(3)
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Given the last 64 daily wealth relatives at, say, today’s close,  we can calculate 
[image: image9.wmf]m

 and 
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and then forecast 
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 the density of tomorrow’s 
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 with equation (4):
(4)
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The first preliminary result, for 150 large cap U.S. stocks from 1961-1979, are shown in Figure 1.  There are approximately 650,000 data points, sorted into bins to create a density histogram.  The bins have width 0.2 between -8 and 8, and are centered at 
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 etc.  Beyond 
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 the bin width increases to 1.0 centered at 
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 out to where the data ends.  The height 
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 of each bin equals the fraction 
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 of the data in the bin, divided by the bin width 
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 thus approximating a hypothetical underlying density function.  Of course, 
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For comparison, Figure 1 also shows some values for the unit normal distribution (heavy dots) and for the “best fit” Student 
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 distribution (“+” symbols) where the Student 
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 has been replaced by the transformed version
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which has variance 1 instead of 
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The transformed Student 
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 of equation (6) has the form

(7)
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Note how well the best fit Student 
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 with 4.9 degrees of freedom, fits the fat tails of the empirical distribution “all the way out.”  Also note how Figure 1 clearly shows that the standard normal distribution grossly underfits the tails.  For the related fit to the non-normalized data, this was of course well known.  The values of 
[image: image29.wmf]r

 are plotted on a logarithmic scale to better display the remarkable fit to the tails.  This causes the “heavy dot” points corresponding to the standard normal density to lie on the parabola 
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Figure 2 is a later plot updated to include all 1.95 million data points.  Here the data extends over the range 
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  I have added some “heavy dots,“ not on the original, to again show the location of the standard normal parabola.  The relatively smooth dashed line is the transformed Student 
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  The density histogram shows the actual binned data.  Minor point:  The labeling of the vertical axis is slightly incorrect if the dashed horizontal reference lines are intended to be exactly equally spaced.  In that case, when the initial non-zero digit of a labeled ordinate is 3, it should be followed by the other digits, in order, of 
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changing from 
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 to 
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 .  Alternatively, read the 
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 ordinates as falling slightly below their corresponding horizontal dashed lines.

Kusper’s more detailed graphical displays and computational analyses of the data showed further characteristics of the 
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 density fit.

1. A “granularity” around zero, with “small” bin size leading to an excessive number of observations in the bin containing zero and a shortfall in one or more bins on either side.  This may be due in whole or in part to the fact that stock prices move in discrete increments of minimum size (then, typically 1/16, 1/8, or 1/4), there is a positive probability of no change, i.e. 
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and since 
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 is typically very small, 
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  A 1/8 point move in a $25 stock is 0.5% which is 0.25 standard deviations for an average daily volatility of 2%, so the closest non-zero point in such a case would be 0.25 away, which is where Kusper found it.  Since the typical minimum trading increment has subsequently decreased, we might expect studies which include this later data to exhibit a smoother empirical density around zero.
2. Comparison of the observed 
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 fit showed an excess for 
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 a dip in the region 
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 a dip at -0.25, and a gradual fall off for 
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  Although comparatively small, these asymmetries around 
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 cannot be fit by any density which is symmetric around zero.

3. Kusper also found that the goodness of fit to the individual stocks was generally good.

4. When the data was plotted separately for stocks with price above $30 and stocks with price below $30, the amount of data in the bins for 
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 was noticeably greater for the lower priced stocks so it may be that the anomaly is mainly associated with lower priced stocks.

Kusper went on to study the distribution for non-overlapping periods of 
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=2, 4, 8, 16, 32, 64, 128 and 256 trading days.  A period was included for a given stock only if it traded every day during the period.  The plots all fit Student 
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 distributions (rescaled to have variance 1).  The 
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 are (presumably) first further normalized by dividing by the square root of the period length in trading days.  As the period length increases, the granularity around zero diminishes and then disappears.  Also the degrees of freedom for the best Student 
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 fit increases.  The results were 
	Interval

(Trading days)
	Student 
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Best fit 
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	1
	5.0

	2
	5.8

	4
	6.5

	8
	8.0

	16
	12.0

	32
	14.5

	64
	18.0

	128
	31.0

	256
	55.0

	512
	75.0



The fact that the data can be so well fit by a Student 
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 suggests that introducing jump processes will probably add little to improving the fit.  There’s room for some “jump” in Figure 2 in the zone from 
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When Kusper applied the Student 
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 fit to the calculation of option prices, he found that the differences from Black-Scholes were generally minor, both in percentage and dollar amounts.  Unfortunately this wasn’t enough to create significant profit opportunities for our hedge fund, Princeton Newport Partners.


What I’ve reported here is just a portion of many related and extensive investigations presented by Kusper in a 236 page draft for his proposed Ph.D. thesis.  Unfortunately Kusper never completed the Ph.D. process nor the draft copy I have referred to.  One of my hopes in writing this is that he will be recognized as perhaps being ahead of his time, and that to the extent his description of price changes is not known, it may prove useful to others and bring credit to him.

Finally, what of the crash of 1987 and Richard Grinold’s question as to whether Kusper’s model would still work?  It seems possible.  Suppose we were to extend the study say another 18 years to the end of 2002.  This would roughly double the length of the data to about 40 years or 10,000 trading days.  What we’re concerned with is the effect of the data from just one of those days, Monday, October 19, 1987.  In a single day, the Dow Jones Industrial Average, and stocks more generally, dropped 23%.  On the presumption that most of the volatility of individual stocks on that remarkable day was due to the volatility of the market, it seems plausible to suppose that a typical stock’s volatility might have been 27%.  What about the normalizing volatility used for each stock?  It was calculated using a somewhat volatile recent previous period, including the prior day Friday, October 16, 1987 when the market fell over 100 points or about 4%.  If we suppose the average stock’s daily volatility for the 64 days preceding the October 19 crash was 3%, then a typical move on crash day was about 
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  But the values for individual stocks would be spread over a region around this.  If most of that were, say, added in the region from 
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 of the data would be “added” for a mean height increase somewhat less than 
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  This definitely puts a modest “bump” there, something like the right side “bump” further out.  Even so, this speculative correction leaves the fit in fairly good shape.

Notice that the highly volatile days following crash day are not a problem because the data set used to compute the normalizing 
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will include crash day for the next 64 days.  This makes the normalizing 
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”large” which tends to reduce the standardized wealth relatives.


So I think the Student 
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 fit will be less good but not ruined by including the period of the 1987 crash.  But the definitive answer requires an updated study which, hopefully, this article will prompt.
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