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IF X and ¥ are normed linear spaces and 7 X+ ¥ 15 a compacl operator, when
doss T X = BT, where B{T) is the range of T and T, is defined by ¥z = 'z,
rernain {or fuil 4o remain) compact ? We extend the answers given in [5] to this question,

We agsume throughout that the various bases are normalized, e | n,| =1, all £,
for the basiz {u;}. This simplifice notation and does nol aflect the generality of our
arguments. Limits of summation from 1 to s are sometimes omitted. All others have
heen made explicil. Operators are assumed to be bounded, linear and with domain the
entire zpace. Reler Lo [4] for unspecified notational conventions.

Definition 1, Let X and ¥ be normed spaces and T: X =¥ be compact. If the
map 751 X T{X) defined by Tor = Fx is compact, then I' is perfectly compuact.
Otherwize T i imperlectly (or, not perfectly) compact. We call 7'y the reduced operator
for T

We use the following clementary properties of perfeclly compact operators,

Lemma 2, (i) Let W, X, Y and Z be normed spaces, 1§85 W Xisonto, T: X =¥
is perfectly compact, and U0 Y =2 then T8, UT and hence UTS | are perfectly compact.

(1) Operators with finite dimensional range are perfeetly compact,

(i1} Sealar multiples of perfectly eompaet operators are perfectly compact.

Hv) The snme of perfectly compaet operators need not be perfeetly eomport.

(v) I B s bonnded and P is perfectly compact, then B P s perfectly conpect bt PR
need not be perfecily compact.

Proof. To see the fiest part of (i), note that R{T) = R{T5). To establish the
second part, let {u,} = X be a bounded sequence. Since 7': X =Y 18 perfectly compact,
T, has a subsequence 7'z, — Tz for some x in X. Since Ul is continuous, UTx, — UTx

hl
alzso, Thus 77 is perfectly compact.

Statement (i) [ollows from the completeness of finite dimensional normed linear
spaces. Statement (iii) Tollows from (i}, (iv) follows from Lemma 14 below, and (v lollows
from Lemma 15 {i) below,

It was shown in [B] that there are imperfectly compaet operators, We next show
{Theorems 5, 7, 9) that in some caszes the existence [or non-existence] of imperfectly
compact operators is determined by the nature of the domain gpace.
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Definition 3. A B-gpace X is imperfect if for any infinite dimenzional B-space T,
there alwavs 18 an imperfectly compact operator 0 X ¥. A B-space X iz perlecl if
for every B-space ¥, all compact operators from X do ¥V oare perfectly compact, A B-space
is mixed if it iz neither perfecl nor imperelecl.

Lemma 4. (1) Spaces somorphic to perfect, mized or imperfect spaces are, respectively,
perfect, mived or dnperfect,

(i) Let X == X, & X, If X, is imperfect, then X is tmperfect. I X 15 perfect, then X,
and X, are perfect. Conversely, if X, and X, are perfect, then X is perfect.

(i) A B-space which is the continnous linear image of a perfect Bespace is perfect.

Proaf. The lirst and third statements follows from Lemma 200, 1T 70 X -2 s
imperfectly compact, then letting £ denote a projection of X onto X,, 7P X -2 s
imperfectly compact, which ecetablishes the lrest two statements in (1i),

Now suppose that X = X| & X, with X, X, perfect. Let T: X+ ¥ be compact.
Then 7!, 7|y, are compact, hence hoth (7' [, ), & T X and (7], ) Xo= T'X,
are compack, Therefore }"[i*:a'_,\.L}"”'1 anid G"‘_(.‘?_rl}”': are compact, hence complete, so
?'I:.ﬁ'_-L-L:l?""' and (S, )" are compacl. Thus, (T'[;): X, = X and (¥ ),: X, > TX
are compact. [t follows that Fy: X— X is compact, for if P: X— X, Llhen

To=ToP + Ll — Py =Ty |e) P+ AT g} LI — Py = AT [5)i B + (T |5 )s (L—P);
which is compact, for (7' [ ), P and (T |y ), {{ — P} are compact since (e g.]

(T [y PO < (T e | PISE = PUT [ ) (Sx)™,
which is compact, Thus X 15 perfect.

Remark, We do not presently know whether there are any mixed F-spaces. Since
the only perfect spaces we know of are the reflexive spaces (Theorem 9], we do not know
about the converse Lo part of 4 (i), namely, whether if X, and X, are perfect, it implies
that X, & X, is perfect.

Theorem 5. {f X is isomorphic to any infinite dimensional complemented subspoce
of any abstract L-space [3, pp. LO0EL] (in particular if X s an abstracl L-space), then X
s dmperfect.

Proof, 1t follows from [9, page 221, Cor, 4] that X = [, & X,, henee by Lemma 4(1),
it suffices to prove the Theorem for @ = 1),

Every inlinile dimensional H-space Z contains a closed inflinite dimensional basis
space ¥ [2]. Henee it suffices to define 7' from I, into Y as in Lemma 6 below.

Lemma 6. Let ¥ be a B-space with hasis {ug}. Let {eq} be the standard basts for 1.

yom - . i AR} -
Fet T:l =Y be defined Iy Tep = u, '2} . Then
P — £ ki a7
T = (Ea) u, + _)J- iy —-,’i iy r}: W, + -

Lei T, be the operator from 1, onto T(1)) defined by Tox — Tz, Then
{(a) T is defined on ell of I and T is continnous.
iby T, and hence Ty, is one to one
(¢) T s compact bt T, is wnotl compart.
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Progf. The first assertion follows from

x. e G
2|. R T R 3 I

To| 2| 2w +

To gee that T s compacl, define the finite dimensional range operators 7% by

Ty =(Ee)u, 4+ =2n .. Then
B 1 2.. A |
i Lo . ¢ i |
U o F1H o LS e | ot o a1 | RN e |
| T — T | = 220w, - <

g0 1" is the uniform limil of finite dimensional eange operators, hence compact,

To gee that ¥y 03 nol compacl, consider the bounded sequence (e The sequenee
{ ¥} converges to uy, henee so does any subsequence. Bul w1z nol the image of any
element in f,, for if it were, we would have from the uniquess of the basis expansion

. als e £ =
that Xz, =1, vet ,)' =¥ z" =0,..., hence #, =--- =y =--- =10, a con-
Lradiction. -

Several absleach Lespaces are Dsted in [4, page 511]. The next theorem strongly
generalizes the eounter-example of |5, Example] and exhibits other imperfeet spaces,

Theorem 7, Let the B-space Wobe the direct gum of the Bespaces X oamd V. Suppose X
& 5 i 3 [ '
has o bosis {rf,_} sueh that for some sealor sequence Jagl, sup | X agey <0 oo yel 2 age; does

bl el
wid define an element of X (e the basts {eg) is not bownde ly complete), Then Wois imperfect,
In particilar, if W is @ basts space with a houndedly incomplete basis {e.} and 2 is a bosis
gpace with basis Tu), then there s an iniperfectly compesl operator T W — F wliel is
I i |

diggonal relative to the pair of bases {e;} and {u}.

Proaf. T4 sulfices by Temma 4(1) to prove the theorem for W = X. It further
suffices, by the fiesl theorem in [2], Lo give a proof under the additional supposition
that # has a basis {u;}.

. 1 0 FrE v w0 ~ Oy .
If £ = X ey, we attempl to define 7 by 7(Zee) =2 a7 i Now
5 R |
i—1 25 T i=1 2

i
and sinee the sequence [T} of operators on X defined hy 7,2 = X ey is uniformly
i1
bounded [3, page 67, Theorem 1 ()] by some econstant K, | Zee, | = 1 implies
eg| = |ees | = 2K for all & Thus the series for 7z is absolutely comvergent [or all
so Tr 15 defined, 1t iz evident that 7 iz the uniform limit of the continuous finite
Ll

: f - . y A P
dimensional range operators T, defined by T2 — 3 ‘;uh henece T is compact.

Ta see that the reduced operator iz not compact, let {a,} be a scalar sequence as

in the hypothesis. | Normalization of the bases doesn’l affect thiz. TF {d,} i a not necessarily

normalized basis and {5} is a sequence of sealars such that sup X bd, < oo yot
¥ h i !
X bgdy does not define an element of X, then o, = 6, | d; | defines such a scalar sequence
(| Y
; . . d;
for the normalized basis ¢, = i ; | :|
i J
. :

10+






