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ARSTRACT

Given a “randomly selected" s s matrix, the probahility that it has & saddle point is
mlinlf(m+n—1L

The following question arose in correspondence between Martin Gardner and
Richard Epstein. What is the probability P, that a “randomly selected" m
matrix has a saddle point? Recall from game theory that the i, j clement a; of
an mxn matrix is a saddle point if ay is both a minimum of its row and a
maximum of its column [3]. Epstein [2] conjectures that for square matrices
P,=n/{2*""3+ n—1), Epstein verified the formula for n=2,3,4. (The formula
as it appeared in [2] was misprinted with the 2 in the exponent omitted.)
The problem is sclved by

Tueored 1. The probability P, ., that a randomly selected patrix' has a
saddle point is P =minl f{m+n=1) jor each of the following definitions af
“randomly selected”

(1) Let o be a permutation of the integers 1,2, .. mn, and define the matrix
A=(ay) by ay=o({m—1}i+)), 1 <i<m, 1 <j<n Then there are (mn)! per-
mutations, We define * random selection”™ to mean that they are equally fkely. If
S(m,n) is the number of permutations which produce saddle poinds, then P =
Sim, n)/ (),

(2) Let the ay be independent identically distributed random variables, with a
common continuous distribution (i.e,, Play=x)=0 for any x).

Proof. (1) With probability 1, all the g are distinct in ! and 2, Thus we
may and shall assume that all 4, are distinet.
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{2) Since all saddle points have the same value, it follows that there is at
most one saddle point,

{(3) If all g; are distinct and ¢: R—R is order preserving (ie., monotone
increasing), then g, is a saddle point for (ay) iff ¢{a; ;) is a saddle point for
{¢{”¢f]}-

{4) For each matrix in (2), define ¢ so that it maps {a,} onto {1,2,...,mn}.
Under this mapping all permutations o of {1,...,mn} are equally probable,
Thus the solution to () is the same as for {1}

Solution to (1). By symmetry, the number of o producing a saddle point at
a,, 15 the same for all (ig,jp) pairs. Hence if &, ; 15 the number for a; ,, then by
(2) the number N for all (i) is mnN, ,, and if p, ; is the probability of a saddle
point at (1,1), then P .. = mng, ;. ¥

Now a,, is a saddle point iff @ ,<a,, for 2<i<m and a,;>a,,; lor
2 < j<n. This is true iff both a; , is the mth element in order of increasing size
in the set § consisting of the first row and first column (m+a—1 elements)
and also the first m— 1 elements of the set are in the first colomn, Now a, , is
the mih element with probability 1/{m+n—1}, There are ("’}: ”?2] equally
probable ways to select the m—1 elements of the first column frum &, Only
one selects the m—1 smallest so the probability is (m:;f i 2‘) This is
independent of the size of a, ,, so

1 (m+u--2)_l

P"'=m+n—1 m—1

and
5 m!in!
TR T A

Note that the Epstein value P, =P .. if and only if n=2,3,4. If n =4, then
P.n {:-'I M
" We need the condition in definition (2) of the theorem, that the common
distribution F(x) for the a; is continuous, as the example a;=0 for all ij
shows, This is also illustrated by an alternate proof of the theorem using

definition (2). The idea was suggested by 5. Karamardian,
Proof. For a given a4, , the conditional probability, given g, ; = x, that a, ;.
is a saddle point is

P| maxay,<x < mina, |=tFCen - Ry,
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where F{x)=Flay<x) is the common distribution. Thus P(g, ; is a saddle
pointy= [ = 11— Fx)P~'[F(x*)]" " "dF(x). If F(x*)= Fx) for all x, i.e, if F
is continuous, then this becomes [ = [1— Fx)}" [Fx)" " 'aF{x). Again,
if F is continwous (but net, in general, otherwise) this equals B{m, n)=
(m=1n=Dl/m+n—1). Again, if F is continuous {(but not, in general,
otherwise), the probability of more than one saddle point is zero, and hence
Poun 15 mn times the probability a_; is a saddle point. For a proof that
F 20l = FOPFO)"  dF(xy = [U1—py~ " Vdy = Bim, n), use, eg.,
Corollary 2.41 of [1). The continuity of F is needed to establish that (-} is the
uniform distribution on [0, 1]

When the distribution F has a discrete part, it appears difficult to determine
the general formula for £,.. Certain special cases are tractable. For example,
let the a, independently be either I or | with probabilities g=1l-—p and p
respectively. A matrix of (s and 1"s has a saddle point at (i, f;) i cither (A)
;=1 for all j or (B) a; =0for all i. Let 4, be the event “g, ;=1 for all /" and
letA={Ud;:i=1,...,m} Then P(A)=1-P(MN_ A7) and P(47)=1—P(4))
=1—p" s0 PlA)=1-[7L,(1—p"). Similarly if B, is the event "ag, =0 for all
" and Be={JB:j=1,...,n), then P(B)=1-[l]_ (l—g™). Finally P, =
PlAYT P(B) =2 {1 —p"y" = {1 —g™)", which proves:

TuvoreM 2, If the entries of a mairix are independently chosen 1o be 0 and 1
with prebabilities g=1—p and p respectively, then P, =2—{l—p")"—{1 -
qfﬂ}ﬂl.

CorOLLARY 3. The number of distinet mxn matrices of U5 and s with
saddfe pointy is 27— (27— [y —{2™ - TV,

Proof. Set p=1 in Theorem 2 and multiply P,.. by the total number 2 of

all such matrices, .

Another result for F{x) discrete is given in the next theorem.

THEOREM 4, If m=n=1 and the a; are independent and uniforndy distributed
on Xy <xy < e Xy, Loy Play=x)=1/N, then P,y =(2N +4N-3)/3N7,

Proof. We need the easily proven lemma: The set of saddle points of any
matrix (b,) is 2 submatrix. '
Then we consider the following disjoint cases:

Case’], There iy exactly one saddle point, Suppose it is gy and that a,, =1,
Then there are three possibilities for the structure of (a;). They are, schemati-
cally,

i e I =i i i
(-c:;r‘ arb)'(f -c::') and ({a’ :::r')'






