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Introduction. The purpose of this paper is to establish the follow-
ing theorem.

TueoreM. Suppose U and V are Banach spaces and thal there are
bounded projections P, from U onto X aud P, from V onio Y. Then
there are no bounded projeciions from the space of bounded operaiors
on U into V onto the closed subspace of compact operators, in the jol-
lowing cases:

1. X is isomorphic {1] to #?,1 < p < oo; Y iz isomorphic to ~9,
l1<p<qg-=<rco or ¢ or c.

2. X is isomorphic fo ¢,; Y iz isomorphic to 7=, ¢, or c.

3. X 1is isomorphic to ¢; Y is isomorphic fo .

Notatio¥. If X and Y are Banach spaces, [X, Y] is the set of
bounded linear operators from X into ¥. -~ is the set of bounded
sequences with the sup norm.

A space X is said to have a2 countable basis if there is a countable
subset of elements of X, ealled 2 basis, such thai each z € X is uni-
quely expressible as

= Ep
=1
in the sense that
limflz— 3 E&mll=0.
o =1

If X and Y are spaces with countable bases (p,) and (vr,) respectively
and A is 2 bounded linear transformation from X into Y, then A ecan
be represented by an infinite matrix (a,,), with

A‘P_q' - ;i:ﬂu";’g
-

[2l. In what follows, the basis used for ~* will be given by @, =
(0,0,+++,0,1,0,0, --+) where there is a 1 in the jth place and 0 else-
where. Similarly for +,. The matrix representations of operators will
all be with respect to these bases.
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Proof of the theorem. The details of the proof are given below
only for X=/%1<p< o, and Y=/%1<p<qg< «. The prooi
for the remaining pairs is similar and is indicated in a remark at the
end.

DEFINITION. Lei E be the fonction on [#% <, 1< p=<q < =,
which sends an operator whose matrix is (a,,) into the operator whose
mairix is (a,8,), i.e. the non-diagonal mairix elements are replaced by
zero and the diagonzal clemenis are unaliered.

LeMma 1. E is @ projeciion with ||E|| =1, range the diagonal
operators, and null-space the operators with a, =0, all 1.

Progf. E is additive and homogeneous as easily follows from [2].
E:=E, and the characterizeiion of the range and null-spaces are ap-
parent.

From the chain

< >|All= sup_|lAzl, > supllAp, ||
= 5‘}9 Il ?_,‘ai, Yy lly = 51:}13" [l sl = H?N sy
= sup (Blauki?V'* 2= sup (ZlaL)e=]|FA|.

s lxil, =2

where the last > is by Jensen’s inequaliiy, we see that E sends bound-

ed operators into bounded operators and, further, [ E|j=1. Also
|EA]| <suplay] .
E

In fact,

|EA|| =suplay|
b |

because

HEA| = m:lpi!EA%.’:' =suplayl.
J

LeMMa 2, The mapping v from the set of diagonal operalors onto
<= defined by vle,) = (a,, =, -++) is an isometry which carries the
compact dicgonal operators onio ¢,

Proof. That v is an isomeiry from the diagonal operators onto ~~
follows from the previous observation that ||EA|| =sup,|a..|. Hence
it suffices to show that the compact diagonal operators are exzctly those
with the additional condition Iim,{a,| = 0. This condition is necessary:






