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OPTIONS ON COMMODITY FORWARD CONTRACTS?
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Oakley Sutton Management Corp., 3 Civie Plaza, Sufiee 100,
Newpart Beach, California 92660

We develop formulas for “European”™ optiens on commodity forward contracts. The
assumplions and derivations are simple. The qualitative behavior of the formulas s developed
for an intoitive overview. The pul formula and related ideas were applied o successTully
manage a quarter billion dellar hedge of GNMA futures versus standbys.

(OPTIONS: FORWARD CONTRACTS: COMMODMITIES)

1. Introduction

We derive a formula for “European™ options on commaodity forward contracts. The
approach is based on Black (1976). A commodity forward contract is an agreement (o
deliver a specified quantity and quality of the commeodity at a designated time and
price. Let £ be the contract price, r* the delivery date, r the riskless rate of return (see
Thorp 1976, pp. 237-240 for a discussion of this concept), ¢ a time less than ¢*. and
i = #(r,r*) the price at the time ¢ for a forward contract for delivery at ¢*. Then the
current value f = (£,1;¢,7*) of a forward contract at price ¢ is aiven by Black (1976, p.
175, equation (19)) as

f=(F=c)exple(t ) (h)

For an easy proof, make the usual assumpuions of Black (1976) mcluding (1) no
transaction costs (either commissions or losses or market makers), (2} all riskless
investments yield the (constant) riskless rate, (3) forward contracts may be freely
traded at any time ¢ = ¢*, and exist for all choices of ¢ and r*, Now suppose at 1 vou
are party to a forward contract to buy described by ¢ and ¢*. Enter (by (3)) into a
forward contract to sell described by % and ¥ Now £, the contract price. is set alf o
clear the market so the making of the contract involves no additional payment. At
time 1* you will buy at ¢ under the original contract and under the second contracl
also sell the same thing at #, gaining (or losing) £ — ¢ (by (1)) Thus fis worth ¥ — ¢ at
i* sa by (2) it is worth (f — clexp{ r{r — ¢*)} at L

Recall next the formula for the value of a European call on a futures contract'
(Black 1976),

wix. 1) =explr(r — )} xN(d;) — ¢*N(d,) | (2)
where x(7,1*) is the price at ¢ of a future contract for delivery at ¢*, ¢* is the option
strike price, N{¢) is the (cumulative) normal distribution function, and d,; =
[In(x/e*) £ vi(r* — 13/2]/oft* — 1.

Note:  As used in this paper, futures contracts and forward contracts have an
essential difference. A forward contract at price ¢ is settled by a cash payment of ¢ at
time r*, There is no other encumbrance or flow of funds between buyer and seller, On
the other hand, for a futures contract entered into at time #; < * and settlement price

* Accepied by William T. Ziemba; received February 28, 1983 This paper has been with the author 1
months far 1 revision.

The same formula was derived for the different sitvation of warrant hedging in Thorp (1973) For general
background on optien theory, and specifically for aspects related 1o this paper, see Cox and Rubensicin (o
appear} and Margrabe (1975
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c*, as the current price x(s,7*) of the contract changes, the accounts of buyer and
seller are marked (o the market daily using a closing settlement price determined by an
exchange. Forwards are generally traded over the counter and futures are generally
traded on an exchange,

Equation (2) is derived from the boundary condition

w(x,7*) = max{x — ¢, 0 forall x 0. (B fut CE)

Since lim_, _|wix,¢) —exp{r{t — t*)}[x — c*]| =0 for ¢ < ¢*, r = 0, we do not have
wix.f) = max(x — ¢, 0) for all x =0 and any ¢ < 7*, Thus (2} does not satisly the
additional boundary condition for an American call option,

wix, 1) = max(x — ¢, 0) forall x>0, 1<~ (B fut CA)

Hence (2) 1s not the solution for an American call option on a fulures contract. That
problem can be solved by iterative methods (see, c.g., Parkinson 1977).

European puts and calls on futures contracts are connected by a formula like that
for European puls and calls on stocks:

w(x. 1) = p(x, 1) = (x — c)exp{r(t — 1*}}. {2a)
The proof follows from that for stock options given in Merton (1973, p. 137, Theorem
12}. From (2) and (2a) we obtain the formula for European puts on futures:
p(x. ey =exp(r(r— ")} [ = xN{—d)) + cN(—dy)]. (2b)
This satisfies the houndary condition
plx.1*) = max{c — x,0) forall x =0 (B fut PE)
However it does not satisfy the additional boundary condition for an American put
option,
p(x.r) > max{c — x,0) forall x=0, all < ¥, (B fut PA)
because lim,_gp(x, 1) = cexp{r(t — 1*)} < ¢ if 1 < +* Thus (2b) is not the solution for

an American pul option on a futures contract. Again, iterative methods yield a
solution,

2. Calls on Forward Contracts

Next consider the valuation of a European call on a forward contract. The
boundary condition is

W(E*, 1*) = max(#* - ¢,0). (B fwd CE)

As explained in Black (1976), the prices x(¢.1*) of a futures contract and (¢, 1*) of a
forward contract are equal for each ¢ = ¢*. In particular if ¢ < ¢*, ¥* = F(1*) = x(1%)
s (B fut CE) and (B fwd CE) are wlentical; hence the solutions are identical,
Therefore (2) is also the solution for a European call on a forward contract.

The remarkable and useful fact is that this is also the solution for an American call
on a forward contract. To see this note first the additional boundary condition

wWifit) 2 max(f,0) forall x>0, == (B fwd CA)

By (1), max{{0) = max[(Z —clexp{r(t — *1},0] and the calculation below shows
that w(x,1) = max[(¥ — c)exp{r(r — 1*)}, 0L Thus w(Z, ) satisfies both (B fwd CE) and
(B fwd CA), the boundary conditions for an American option. Hence it is a solution
and by the unigueness of such (class ©) solutions, it 15 the solution. The caleulation
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follows. Tt also develops a number of formulas and relationships that are useful both
here and in the management of portfolios.

Proor that w{ £, ¢) = max[{¥ —cle™ 7', 0] where w(X, 1) = exp{r{r — ¢*)}IN(d,) —
eyl (We write x for £ from here on.)

19 lim, owix. 1} =0

Ei'l

lim {w(x,0) — (x — c)e" TN = e im Ix(Nd) =)+l - N(dy))} =0
xteo d x}om 4
3% dw/dx = N'(d,)e™ ™" because

- ad ad
e B N(d) 4+ XN (dy) 3~ eN(dy) 5 and

whence
1

ert =18 _ gy
Xt =1

dx

{xN(d)) = eN'(dy))}.

Eut the bracketed expression is zero because:

xN'(d,) — eN'(dy) = == ¢~ 2 xe~(O1-012 _ 0,

I
d, —d,= L;E{I" = f) Ot =l d, +d,= (2]]‘1% )J.-"'th."!* gl

@ — @l =2In L g 142 o potuixer o £
c X
therefore xN(d,) — eN'(d;) = 0. This vields

;'.h"l' I PR A T
Pl ) (3)
which determines the extremely important neutral hedge ratio for portfolios. It follows
that 0= dw/dx < ™', But then from 1° w lies above y =0 and from 2° w lies
above ¥ = (x — e*)e’™" """}, Therefore (B fwd CA) holds. Note further that:

47

a2 g i{d LIRS
= oM o T exp(—d}f2) >0
dx ihx Yot — ¢ 27

500w s concave upward.

In the important market in options on GNMA (Government National Mortgage
Association) pass through certificates, the options expire at r* (“notification date”) and
the underlying forward contract matures at 7,, = r*. The appropriate formula then is

w(x, 1) = exp{r(t — 1,)} [ XN(d) — eN(dy}] (4)
2 s e
where d,, = [In{x/c) £ o°(t* — /2] /e (r* - ).

This follows from (2) and the fact that the payoff at 7* is deferred until 7, but can be
hedged risklessly by a sale of a forward at r* at price x(¢*). Therefore we discount (2)
by eV 7% ta get (4).







