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Source of wariation m:aun* sgueres d.f. Mean squares F-ratioa
Quadratic regressaion 112 987.13 1 G1T7#uR
Additional for linear tarm 1 104.75 1 5.06%
Mdditional for conetant term 6,40 1 0.03
Lack of Fit 4 059.52 16 253.75
Within groups B 784,80 3 218.22

h_x_xm_ = 0.1333 =2

-0.083 + 1.
pNxMMDMU_ m =0.0632 2 1.2390 =

o m 0.0901 2 + 1.2390 =

SUMMARY

Multiple linear rogeesaion functiona cen be fitted by means of
prthogonal polynomiala. This method allows to include succesalvaly
additional predictor wariables in a prespecified order witheut the
necessity of recomputing the regrossion coefficiants of all praviowaly
included predictors. The arthogonal terme and the sums of sguaras for
the enalyais of veriance can sasily be computed From doterminants
congtructed from the sums of squarss and products of the observationa.

RESUME

L'adaptation des Tonctions da umnummmhn: multiple et lindaire pout

Atre rénlisde & l'aide de polynomes orthogonaux. La mdthode parmet
d'inclure les wvariables explicatives successivemant et de faire des
teate de signification pour chague variable gupplémentaire. Les fonc-
tions orthogonalas de régression et les sommes des carras de 1'analyss
do variance pauvent &tre calculdes b l'aide de ditecminants composés

dea sommes des carrés et produits des obsarvations.
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It has simple hypotheses, provides a valuation formula using only
observables, and explaing actual prices, We solve the correspond-
ing problem for the two types of warrant hedges. Black and Scholes
assume no cash dividends, For ocne cash dividend we give the caondi-
tion for the soluticn to be unchanged. When the dividend affects the

solution, we give upper and lower bounds., The method extends to

a finite seriea of cash dividends.

1. Intreduction, An option on commen stock {ordinary shares)
is the right to buy (a call) or to sell {a put) a specified number of
shaTes {usually 100] at a specified price (striking price) uatil a
specified time (expiration date). A Burcpean option may be exer-
cised only at expiration. An American option may be exercised at

any time before expiration.

The common stock purchase warrant is an aption similar to

the call aption, Warrants are issued by the company who possesses
the stock the warrants claim., Terms typically are of the form A
warrants # B dollars obtain C shares of stock until time .

Let =x(t} be the stock price at time ¢, ¢ the exercise price
of the option, t* the expiration time of the option, wit) the price
of a call on one share and pit) the price of 2 put on one share. If
¥+ = maxiy, 0) and ¥ = max{-y, 0}, itis evident that for American
options and t = t¥, wit) = __u.n__ﬂ.-..,...d+. pit] = (xit1-2} , and that
with-plt)=x(tl-c., Many other functional relationships are alaa avi-

dent or strongly suggested. The functional dependence of aption

prices on the price of the underlying common has led to formulas
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for the option price as a function fix{t), t¥-f, ... ] of stock price,
tirne t¥-t until expiration, and a few other variables, In parti-
cular, the hope (successful! ) has been to climinate maost or all

af the variables which affect common stock price, by lumping
thern all in ={t) itsell,

The extensive modern mathematical theory of options was
initiated by Bachelier (1900), This landmark paper developed the
theory of Brownian motion and applied it to option prices. It
agauwmed stock price chanpes were normally distributed (modern
atatistical work shows that the lognormal distribution gives a
batter fit) and identified volatility + (i, e,, standard dewiation
per unit time) as a principal determinant of option price, entering
the functional expression in the farm ﬁNHn*-n__.

Subsequent mathematical and statiatical work developed along
several lines. Regression techniques were ueed to construct models
of past price behavior (Kassouf, 1965; Shelton, 1967, and others).
Rational (normative) theories of option prices were developed by,
g, g., Samuelson (1968), Samuclson and Mertan (1969), and others.
The lognormal model for stock prices yielded a natural expression
for the price of an aption in terms of the normal distribution. See,
e, g., Spreakle (1961), Harbaugh (1965}, Thorp (1969), and others.
Hedging technigues (e.g., call options or warranta short, stock
long) as in Thorp and Kassoul {1967), and Thorp (1971} give info-
rmation about the use of oplions in optimizing portiolic performance.

Z. The Black-Schales theary, These efforta have culminated

in a breakthrough by Black and Scholes (1972, 1973). We sketch their
theory for calls. It is similar for puts and for straddles.

Black and Scholes observe that hedging options short and com-
mon stock long and continwously adjusting the mix leads to a riskless
rate of return r. They arpgue that in market equilibriurm this must
equal the riskless rate of return in the market,

They further assume:

[a} The short ferm interest rate r is known and constant.

(6} The distribution of possible stock prices at the end of any finite
interval is lognormal., The stock price follows a random walk in
continuous time with variance proportional to the square of the square

of the stock price. The variance rate of the return on the stock is
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