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1. Introduction—It has long been an open question as to whether those of the
standard gambling games which are not repeated independent trials admit strategies
favorablef to the player. There have been numerous implications*—* that favor-
able strategies do not exist.  In this note, we settle the issue by showing that there
is a markedly favorable mathematicali strategy for one of the most widely played
games, twenty-one, or blackjack.

2. Previows Work.—Our point of departure iz the work of Baldwin, Cantey,
Maisel, and MeDermoti® ¢ the only serious treatment of blackjack that has been
given to daie. The reader will find further references and a representative set of
rules in their paper. Although there are minor variations in the game, we shail
adopt those rules (ineluding insurance®),

3. Method and Resulis—Our calculations are similar to those outlined in
Baldwin ef al.,* but there are some very important changes. First, a high-speed
computer was programmed to find the plaver’s best possible strategy and the
corresponding expectation. The electronic ecaleulator enabled us to dispense
with many of the approximations that were needed by Baldwin ef al. to reduce the
calculations to desk computer size.  This led 1o noticeable improvements in results.
In particular, the plaver's expectation for a complete deck was found to be a
startling —0.21%,. (Baldwin ef al. give —0.629;). Qursecond change in approach
was to program the computer to do the ecalculations for arbitrary sets of cards.
This made it possible to take into account cards that become visible during play,
a feature which is essential for the determination of any winning strategy.®

A standard deck of cards has approximately 34 X 10° subsets which are dis
tinguishable under the rules of blackjack. It is thus impractical to compute the
optimal strategy for each of these subzets. Instead, we have studied a number of
carefully preselected subsets, and from the informatlion gained, several favorable
strategies are obiained. Some of our subsets and results are given in Table 1
below.

Let Q(I) be the number of cards of value I. The special subseis in Table 1
differ from a full deek only in that the number of cards of o single value has been
altered.

In actual play. these special subsets occur infrequently, and some are even im-
possible. Even so, they yield a profosion of winning strategies. For example, one

TABLE 1
Praver's ExrecTaTioN WiTH SELECTED SUBSETS
of the suboer Exertation of the subeet STPrCLalion
deck — 21 =10 L0125
1) =0 — .72 8 =0 D005
=0 0142 4 =10 — 003
d) =0 L0189 10} = 12 — . 0215
4) =0 36 10) = 20%* L0189
6 =0 L0320 10) = 24%** L0304
=0 JOIET
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of these winning strategies may be obtained by considering the subset Q(5) = 0.
Buppose that just before a particular deal the player sees that all fives have been
used (so that the unseen eards are a subset of that subset which we describe by
Q(5) = 0) and that the unused portion of the deck is ample for that deal. If the
player does not take into sccount the eards other than fives that he has seen on
previous deals, then as far as he is concerned, his probabilities for success are the
same as for the subset Q(3) = 0. Using Table 1, it follows that the player who
adopts the sirategy for (3) = 0 (see Table 2) when there are no fives remaining
has an expectation of 0.0329 at those times.

A winning strategy may now be defined as follows. If Q(3) = 0, the plaver
bets the minimum allowed amount, m, merely to remain in the game and follows
the complete deck strategy given by Baldwin ef al.  When Q(5) = 0 (and the re-
mainder of the deck will suffice for the next deal), the situation has turned in favor
of the player. He now bets a large amount, M, and uses the computed strategy {or
Q(5) = 0, which is given in Table 2.}

TABLE 2
Trae Strarecy Waex Q(5) = 0
g i ing Tha
hirm : Doubling ﬂ::
Pair 2 3 4 6 7T 8 010 A Total 2 3 4 6 7 E 9 W0A
A XXX XXX XX) 20 - 8
10 X 19 8 8 8
o XTXXXXXX 18 E 8 8 S5
B TXX XXX XXIX 7 88888
T XXX X XXX 15 5 8
G XX XX 14 8 8 8
4 X 13 8 8 8
-] TXXXXX 11 HHHHHHEHHH
2 X XXXXX 10 HHHHHHHEHH
9 HHHHH
B : HH
Misimum Standing Nuxmbers
Dealer shows:
Total2 3 4 6 7 8 9 WA
19 5 8
1IE S 8 E8 8B s
17 H
16 H H
15 HH
12 HHHH
Legend :
x: i i
mhiars
H: hbard total

A disadvantage of this strategy is that the event Q(5) = 0 oceurs only in about
3.5 per cent to 10 per cent of the deals {depending on the number of plavers).
A gimilar remark applies to the other Q(I) = 0 iype strategics. However, carcful
scrutiny has disclosed another strategy which partially overcomes this disad-
vantage and gives the player a greater expectation as well. This sirategy depends
on the somewhat surprising faet that all the crueial quantities are almost linearly
dependent on the proportion of tens in the deck and nearly independent of the
absolute number of tens. The details are too extensive to be given here and will
appear elsewhere. The main characteristics are that the player has an advantage
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